
Friday ,

October lo
,
Lecture 18 :

Contour Integration ,

- Cauchy's Theorems
Last time

...

Centour integration
V : (a ,6) -> C ,

f : C- &

Sf(z(6z = (6 f ((t)V(t)6t
a

Usi
⑤

U(u)

East: Kee
Repreparameterization in last lecture)

It W : ta ,b)- & and E : [ ,
6) 1, D trace out the

same oriented curve , j
· 86) : 5(6)

i
Usi :()

St : St
j j

for any
continual - : -K.



Another Option for contour integrals: differential forms ,

· Just like investor cal , we can express it as

6z = f(x + iy) = bx + i by
t f(z)dz = (u+ iv)(dx + i(y) = uby + ivbx + inty - vby
Pep = (ndx - vdy) + i(uby + v(x)

If f(z) = u (x ,g) + ivlxy) , then

St = Sudx - vty + ifuby +vbx
U

Pf : V(t) = x(t) + i y(t)
-

[ f(x()) .W'(t) = (u(z(t) ,y(t)) + iv(x(t) ,y(t))) - (x'(t)+ iy(()

Then integrate both sides . ⑭

The usual integral properties apply .

-> of course
,
linearity : if < , 17D ,

f4f + 2g = cSjf + 389 .

j

· Useful Quantity : Are length
e(8) = 918316 +

e

12 '(+1) = ((x'(+)
,y(t)

+



#+ i

Ex: Compute V = :
Jz2de along

U.Y

U.: (
,
(t) = +(1 + i) + (1 - +) . 0 = t(( + i)

·

t + [0 , 17 Vict

so

Ge =i
= ((t2 (1 + 2: - 1) (vi)d +

- Zilli) J.Elt
: Zill + i) (5 : 1)
= z(i-1)



& :

J = Jody
z

G

= -(12 - 02 + J( +ziy - y)idy
=- + if' (l-y by - Jayby

J

=

(j + i(l- (3) - 1

=- + i(z)

= =(i - 1)

: Futoitalthat Coeplex Line It isis

C

(yf b z = F(((D) - F(5()

P: Hwz ,

of
conserviceefields . S

b Compare :

Notice that this impliesMathiea

Frie => Sof = If



Let's think back to vector cal .

The earlier Prop ,

reveals : Sof is

Secretly a combination of two line integrals :

if f(xiy) = u(x ,y) + iv(x ,y) ,
then

Sto = Spuriv) (bx + idy)
j

= Syudx-rdy + :Judy + -bx

How ... maybe we can use
theorems from vector

calc to say
something
.

does
not cross

itself

j simple
:

holes
=
10

Recall.... Green's Theorem. espe . Loop =

- ((a)=U(b)
· U-simple, its , positively oriented ,

smooth loop in R

·th-simply connected region bounded by 2

S

Gor(a)Ul
(ctsly diff.)

g
= (P

,
Q) benvector field 10 giR-R? ).I

P
,
Q : R- D

Then JPEx +Ody =/M
·



so :

Stzdy +y
D

Let's assure f is continuously differentiable.

& Greensthu : Pick P
= u

,

Q =V .

Syndx + (-vdy = Sf-- b

coffee
= 8

② Green's the : Pick Piv ,

B = u.

Surdx + uty =S = 2)bxby
Re =

-TheLanchthemorphic on a simply connected

region the ,

and let WitbJ5 beacts
, piecewise smooth

loop.
Then

Sflzldz = 0
.

z



Corollaryimply connected ,
line integrals off are

path-independent.

I zwech be endpoints .
Take two paths , G,-2

j

·
Z

Then observe that MicW-G isnlop :
j

~
z

E By Carchy's
theorem,

8 = Gf(z)6z =S = Szz-f
so

Softtz = S flatte ,

⑭



The simply connected assumption on th is crucial !

Ex : (extremely important).
-

Let f(z) = E :
and W(t)= eit

,
teto

,2i] .

Then

Jed = Jiect ⑪
j g

=gidt
= 2ii

.

Why doesn't Cauchy's
the apply ?

E has a singularity at z = 0 ,
so the domainh

has a hole and is
not simply connected :

= 150,
HW : Primer to residue the

This is a surprisingly powerful theorem.
We may use it

to "deform" line integrals .



Ex: Deformation

Compute

LetaBy Cauchys the, since

et holomorphic inside a

Getz = Get
= Sje dx
= e' - 1 .

-

&chintegralfore
..

We can't immediately

& calculate

S
since
= C16z

.
3 is not

simply connected.



But...

Uk

- ⑳To
-

Cauchy

&St=+
V j Y
↳

Tsince holomorphic ,

f is continuous
,
so

as 248
,
Elz)flzd tar all zinsiteta

.

+
↳

This is just like JE
,
but effect and

⑧In backwards
.

Zo

=J z + fel-2T



The : Cauchy's Integral
Formula

-

Let f be holomorphic
on simply connected of old a loop in me .

Let z
,

be inside W. Then

f(z):
j f(zg) is epletely

* determined by
ot
, its boundary values!

How crazy is
that ??


